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PREFACE 



This study was conducted for the Naval Sea Systems Command's 
Cost Estimating and Analysis Division, Code 017. Funding was 
provided under the Naval Postgraduate School direct funding 
allotment, Project Code 54M01. 

This study represents a continuation of a line of research 
initiated in FY 1989 and reported in "Estimating and Explaining 
the Production Cost of High Technology Systems: The Case of 
Military Aircraft", Naval Postgraduate School Technical Report No. 
54-89-07. A portion of that report provided a preliminary analysis 
of relationships between program cost and a collection of 
environmental and financial factors. This current study continues 
to investigate factors that influence program cost. 

As outlined in the 12 July 89 "Memorandum of Understanding", 
the current research was to examine cost drivers during the 
acquisition of major weapon systems. Year-by-year cost patterns 
were to be investigated, with a focus on ship-based weapon systems. 
The guiding research question was to be "what factors appear to 
cause escalation (or decline) in the cost of weapon systems as an 
acquisition program proceeds over time?" 

Although a continuation of a prior line of research, this 
report is a self-contained document. The report is submitted in 
fulfillment of the agreement outlined in the Memorandum of 
Understanding. The report is releasable. 
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EXTENSIONS TO THE LEARNING CURVE: 

AN ANALYSIS OF FACTORS INFLUENCING 
UNIT COST OF WEAPON SYSTEMS 

Learning curves have gained widespread acceptance as a tool 
for analyzing, explaining and predicting the behavior of unit costs 
of items produced from a repetitive production process. (See 
Yelle, 1979, for a review of learning curve literature.) Cost 
estimation techniques for planning the cost of acquiring weapon 
systems by the Department of Defense, for example, typically 
consider the role of learning in the estimation process. The 
premise of learning curve theory is that the cumulative quantity 
of units produced is the primary "driver" of the cost of those 
units. Unit cost is expected to decline as cumulative quantity 
increases . 

Past research has attempted to augment learning curve models 
by including additional variables. Most attention has been focused 
on the addition of a production rate term. This study continues 
that line of analysis. The broad objective is to identify factors 
(i.e., cost drivers) that may be expected to impact the unit cost 
of items produced from a repetitive production process, develop 
empirical surrogates for those factors, "enhance" traditional 
learning curve models by including the factors in models, and 
examine the conditions under which such factors appear to be 
important explainers of cost. 

The paper starts by presenting some simplified functional 
models of the factors that should drive unit cost, the purpose 
being to identify plausible candidate variables for inclusion in 
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learning curve models. Empirical models incorporating these 
candidate variables are then presented, along with comments on past 
related research. Hypotheses reflecting the expected associations 
between cost drivers and unit cost, under differing circumstances, 
are offered. Tests of the hypotheses using data from a sample of 
eight ship-based tactical missile systems are conducted. Later 
analysis then examines prediction errors from the models and 
additionally explores some possible explanations of the prediction 
errors . 



MODELS AND HYPOTHESES 

FUNCTIONAL MODELS 

The purpose of this section is to present some simple 

functional models of unit cost. All models are simplified 

representations of phenomena, all make assumptions, and none are 

fully valid. The objective here is to use the models as a basis 

for talking through some issues. 

At the most basic level the cost of any unit is just the sum 

of the variable cost directly incurred in creating the unit and 

the share of fixed costs assigned to the unit, where the amount 

fixed costs assigned depend on the number of units produced. 

UC = VC + FC (1) 

PQ 

where 

UC = Unit cost 

VC = Variable cost per unit 

FC = Total fixed costs per period 

PQ = Production quantity per period 

Now let's refine the model to incorporate the effect of 
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"learning." The fact that labor costs and material costs per unit 
tend to decline with successive units produced in a repetitive 
production process is well recognized. Employees "learn" the 
production tasks, reducing both labor time and material usage. An 
assumption here is that learning impacts variable costs. Hence 

VC Q = VC, Q b (2) 

where 

Q = Cumulative Quantity 

VC 0 = Variable cost of the Qth unit. 

VC 1 = Variable cost of the first unit. 

b = Parameter, the learning index, assumed to be 
negative . 

Substituting into equation (1): 

UC Q = VC, Q b + FC (3) 

PQ 

This model incorporates the two factors presumed to impact unit 
costs that have been most extensively investigated: learning (Q b ) 

and production quantities (PQ) . Smith (1980, 1981), for example, 
used a model analogous to equation (3) to explore the effect of 
different production rates on unit cost. Balut (1981) and Balut, 
Gulledge and Womer (1989) construct models based on learning and 
production quantity to assist in "redistributing" overhead and 
"repricing" unit costs when changes in production rate occur. 1 

Equation (3) is limited because it implicitly assumes that 

'The Balut and Balut, Gulledge and Womer models differ in 
that they determine a learning rate for total (not variable) unit 
cost and then apply an adjustment factor to allow for the impact 
of varying production quantity on the amount of fixed cost 
included in total cost. 
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only one kind of item is produced and hence all costs (variable 
and fixed) are "direct" or associated with that item. In reality, 
of course, firms typically produce multiple items and incur plant- 
wide or company-wide costs that are indirect and then allocated to 
a specific item. Equation (3) can be refined to incorporate this 
idea as follows: 2 

UC Q = VC, Q b + DFC + IFC (4) 

PQ PQ+OQ 

where 

DFC = Direct fixed cost per period 

IFC = Indirect fixed cost per period 

OQ = Other quantities — production quantity per period 
of items other than that being costed, measured 
in units equivalent to PQ. 

In this model the contribution of indirect cost (IFC) to unit cost 
(UC) depends both on the production quantity of the item being 
costed (PQ) and on the production quantity of other items being 
produced (OQ) . For simplicity, production quantity and other 
quantity can be combined into CQ, the company-wide quantity (i.e., 
CQ = PQ + OQ) and substituted into equation (4) : 

UC Q = VC, Q b + DFC + IFC (5) 

PQ CQ 

Of course, this model is still a simplification. Most firms 
have several organizational levels and whether costs are direct or 
indirect depend on the level referenced. Multiple items can be 
made in one plant, multiple plants may exist in one division, 

2 The formulation assumes that only fixed costs are indirect, 
i.e., that all variable costs, because they vary with units of 
output, can be directly associated with units of output. 
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multiple divisions in one firm. Costs that are direct at one level 
may be indirect at a lower level, and the process of allocating 
indirect costs to lower levels may be complex. The model does, 
however, convey the idea that assignment to costs to units depend 
on various different measures of volume or quantity. 

Last, assume the existence of a "standard" ("benchmark," 
"normal," "planned") production quantity (PQ S ) . Standard direct 
fixed costs per unit (SDFC) at the standard production quantity 
would be: 

SDFC = DFC (6) 

p Q s 

The production rate (PR) for any period can then be expressed 
as a ratio of the production quantity to the standard quantity: 

PR = PQ (7) 

The second term of equation (5) can then be rewritten as: 

DFC = SDFC (8) 

PQ PR 

Assuming a standard company-wide quantity and using analogous 
reasoning, the third term of equation (5) can be rewritten as a 
ratio of standard indirect fixed cost per unit (SIFC) and a company 
rate (CR) : 

IFC = SIFC (9) 

AQ CR 

and equation (5) rewritten as: 

UC Q = VC, Q b + SDFC (PR' 1 ) + SIFC (CR' 1 ) (10) 

In this final formulation it can be seen that total cost per 
unit is the sum of variable cost per unit (adjusted for learning) 
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plus standard direct fixed cost per unit (adjusted for production 
rate) , plus standard indirect fixed cost per unit (adjusted for 
company rate) . 

Under the heroic (and no doubt invalid) assumption that 
changes in any variable on the right hand side of equation (10) do 
not necessitate changes in any other variable (i.e., ceteris 
paribus) , predictions of the impact on unit cost of changes in any 
of the variables is straight forward: 

a) Unit cost will decrease with increases in cumulative 
quantity, but at a slower rate as cumulative quantity increases. 
(The relationship is a power function with exponent b. The first 
derivative of UC with respect to Q is negative, the second 
derivative is positive.) 

b) Unit cost will decrease with increases in production rate 
per period, but at a slower rate at higher production rates. (The 
relationship is a power function with exponent -1. The first 
derivative of UC with respect to PR is negative, the second 
positive . ) 

c) Unit cost will decrease with increases in the company rate 
per period, but at a slower rate at higher company rates. (The 
relationship is a power function with the exponent -1. The first 
derivative of UC with respect to CR is negative, the second 
positive . ) 

d) Unit cost will increase with increases in variable or 
fixed costs, at a constant rate. (The relationship of UC with VC, 
and SDFC and SIFC is linear. ) 
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Of course, in reality, the ceteris paribus assumption is 
unlikely to hold. This is because there are numerous potential 
interrelationships and interactions between the variables on the 
right hand side of equation (10) that can come into play in a 
dynamic environment. Some examples: 

a) Variable costs and fixed costs are interdependent. The 
issue here is one of cost structure (or operating leverage) . Firms 
can tradeoff the incurrence of variable costs versus fixed costs 
to achieve an output. An obvious example is automation, which 
tends to increase fixed (plant) costs but reduce variable (labor) 
costs. The impact on total unit cost is ambiguous. McCullough and 
Balut (1986) provide evidence that the fixed component of cost is 
increasing as industry moves toward automation. 

b) Variable cost and production rate are interdependent. 
While increased production rate should reduce fixed cost per unit, 
the impact on total cost per unit is ambiguous because production 
rate may also influence variable cost. The conventional view 
(e.g., Bemis, 1981; Cox and Gansler, 1981) is that there are both 
economies and diseconomies of scale, resulting in a U-shaped 
relationship between total unit cost and production rate. As rate 
increases, unit cost initially declines, due to such factors as 
reduction of fixed cost per unit, reduction of variable material 
cost per unit (more economical quantity purchases) and reduction 
in variable labor cost per unit (less labor time waste) . After an 
optimum is reached, increases in production rate result in higher 
total unit cost because increases in variable costs more than 
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offset the additional reduction in fixed cost per unit. One cause 
might be the increase in variable labor costs due to the necessity 
of overtime. Past research (Smith, 1976) has found that production 
rate can be an important explainer of labor costs. Similar 
interactions between variable costs and the company rate would also 
apply. 

c) Production rate and company rate are interrelated. It is 
obvious that PR and CR are not independent because production 
quantity is one element that makes up the company-wide quantity. 
Ceteris paribus, when PR increases, CR increases (but at a slower 
rate) . They also interact in a less obvious way due to capacity 
constraints. Given a finite productive capacity, increases in PQ 
potentially constrain OQ and vice versa. 

d) Direct and indirect fixed costs may be interrelated. In 
principle direct and indirect fixed costs are distinct. In 
practice what fixed costs are considered direct and what are 
considered indirect is a function of a firm's accounting system. 
The definition of a firm's accounting cost pools and the procedures 
for assigning costs to pools, and then to units produced, can 
influence the final determination of whether a cost is direct or 
indirect. 

e) Fixed costs and production quantity are interrelated. It 
is typical for a firm to plan the level of some fixed costs (e.g., 
plant, equipment, staff) on the basis of some anticipated 
production quantity, starting at a low level for initial units 
produced and building capacity as production quantities increase. 
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Thus, for example, increased production rate could be associated 
with increases in total unit cost if fixed costs were increased 
more than proportionately with the increased production. 

f) Cumulative quantity and production rate are interrelated. 
This is true in the obvious functional sense that cumulative 
quantity over several periods is the sum of all production 
quantities in each period. Additionally there tends to be an 
empirical relationship due to the tendency for the initial 
production rate for a new product to be low relative to rates 
typical in later periods, when the design is mature and the "bugs" 
worked out of the process (Boger and Liao, 1990) . This causes a 
positive correlation between cumulative quantity and production 
quantity per period (low values of both in early periods, high 
values in later periods). Gulledge and Womer (1986), among others, 
document this association. 

Additional complexity can be added by altering the perspective 
from which "cost" is viewed. More specifically, equation (10) 
treats cost from the perspective of the manufacturer. Many 
applications are concerned with cost to the buyer, which is price 
to the manufacturer, and typically includes a fee, particularly if 
procurement occurs under some cost plus arrangement. Thus the 
equation for unit cost becomes: 

UC Q = VC, Q b + SDFC (PR' 1 ) + SIFC (CR' 1 ) + Fee (11) 
Obviously unit cost now additionally depends on the mechanism 
underlying the calculation of the fee. Without exploring the 
details, suffice it to say, that fee may be constant, may be tied 
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to total costs, may be functionally related to components of cost 
(such as facilities employed) or may involve a combination of 
arrangements. For those interested White and Hendrix (1984) 
provide a review of contract types and fee arrangements. 

The broad conclusion to be drawn from the discussion above is 
that the factors affecting unit cost are sufficiently numerous, and 
the interactions between factors sufficiently complex, that 
attempts to develop functional models to be used to either estimate 
or explain costs are difficult. Complete models would require 
extensive data and be virtually a reproduction of a firm's cost 
accounting system. Hence, most initial attempts to develop cost 
estimating relationships (CERs) tend to be empirically 
(statistically) based and rest on the assumption that complex 
functional relationships can be represented by simple statistical 
relationships, relationships that exist due to regularities in the 
data. But a functional model can serve as a basis for selecting 
variables to be included in a statistical model and for 
hypothesizing the form of the relationship between variables. The 
next section presents statistically based cost models, informed by 
knowledge of functional relationships. 

EMPIRICAL MODELS 

Learning Curves : The most common statistical cost model is 

the familiar learning curve model: 

UC 0 = a Q b (12) 

where 
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UC Q = Average unit cost at quantity Q. 

a = Theoretical first unit cost, a parameter to be 
estimated . 

Q = Algebraic midpoint of a particular production lot. 

b = Learning curve exponent, a parameter to be 
estimated . 

The model has gained wide acceptance in practice. 3 Note that the 
learning "adjustment" (Q b ) is applied to total unit cost (a) not 
just to variable unit cost as in the functional models. The 
implicit assumption is that total cost is related to quantity in 
the same manner that variable cost is, which is clearly not the 
case. So this learning curve model is perhaps best thought of as 
a cost improvement model — where cost improvement is due to a 
number of factors, including traditional "learning". Gold (1981) 
comments on this: 

". . . most internal improvements. . . represent the results 

not of cumulative repetition of past practices, but of changes 
in: product designs; product mix; operating technology; 

facilities and equipment; management, planning and control; 
materials quality; and labor capabilities and incentives. And 
such changes result from the active exploration and 
development of superior alternatives to past practices by 
research personnel, design engineers, production specialists, 
and supervisory staff. This may also be termed 'learning'- 
-if that term means nothing more than the summation of all 
improvements regardless of cause. 

In short the parameter b is presumed to capture a collection of 



3 Note that this is an incremented unit cost model rather 
than a cumulative average cost model. Liao (1988) discusses the 
differences between the two approaches to learning curve models 
and discusses why the incremental model has become dominant in 
practice. One reason is that the cumulative model weights early 
observations more heavily and, in effect, "smooths" away period- 
to-period changes in average cost. Since one purpose of this 
study is to explore reasons for period-to-period cost changes, 
the incremental model is more appropriate. 
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effects which in the functional model (equation 10) are separately 
reflected in the various rate and fixed costs terms. 

Rate models : Recent attempts to improve cost models have 

focused on adding an additional term, reflecting some measure of 

rate or activity, to the learning curve model. Approaches differed 

depending on the level of aggregation at which activity was viewed. 

Consider three levels of aggregation and indicators of rate or 

activity associated with each: 

Product: Product production rate (PR) 

Company: Company-wide activity rate (CR) 

Industry: Industry capacity utilization rate (IR) 

Note that two terms (PR and CR) are components of equation (10) 

while IR is a more aggregated, non-firm specific indicator of 

activity . 

Most attempts to augment the learning curve model have added 
a production rate term (e.g., Alchian, 1963; Bemis, 1981; Cox and 
Gansler, 1981; Greer and Liao, 1986; Hirsch, 1952; Large, Hoffmayer 
and Kontrovich, 1974; Womer, 1979) as follows: 

UC Q = a Q b PR d (13) 

Smith (1980) reviewed many of the production rate studies. The 
general conclusion to be drawn from the studies as a group is that 
attempts to improve cost models by inclusion of production rate 
have not been very successful. In some cases the production rate 
term is a significant explainer of cost, in many it is not. In 
some cases production rate is negatively associated with cost, in 
others it is positive. The specific effect of production rate 
appears to vary across systems studied. 
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Several explanations can be offered. 1) A focus on 
production rate for a single product is too limited, ignoring the 
impact of broader activity changes in a firm. 2) A focus on 
production rate alone fails to incorporate and control for other 
concurrent changes, such as the changing level of fixed costs that 
are to be distributed over the production quantities. 3) Varying 
results are to be expected because rate changes can lead to both 
economies and diseconomies of scale. 4) Production rate effects 
are difficult to isolate empirically because of the colinearity 
with cumulative quantity. 5) Researchers have usually used total 
production "quantity" as a measure of production "rate", which 
leads to misspecified models (see Boger and Liao, 1990, for 
elaboration) . 

More recent work by Greer and Liao (1983, 1984, 1986, 1987) 
augments the learning curve model by adding a measure of industry 
activity, industry capacity utilization (IR): 

UC Q = aQ b PR d IR 9 (14) 

Much of their analysis was concerned with the effect of industry 
capacity utilization on competition and pricing for duel-sourced 
weapon systems. But some results were provided for sole-sourced 
systems and it is this later analysis (1984, 1986) that is most 
relevant here: 

There is some cause effect similarity between price 
changes induced by changes in capacity utilization and changes 
in production rate, R--under sole sourcing. In either case, 
fixed costs attach to different quantities of output. 
However, capacity utilization changes reflect changes in 
overall corporate output. A rate change (R) by itself causes 
only a change in the allocation of those fixed costs that 
originate in the facility (or segment) used for the program 
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